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Introduction
Since almost one century, one of the major challenges of Physics is the unification of the two
fundamental theories that are General Relativity and Quantum Mechanics. Noncommutative
Geometry offers a new mathematical way to reach this purpose, slightly guided by mathematical
concepts governing modern physics :
– geometrical concepts, obtained from gauge theories using differential geometry.
– noncommutative algebra concepts, inspired from Heisenberg viewpoint of Quantum Me-
chanics.
Provided with Noncommutative Geometry, whose basic elements are spectral triples and a
finite set of axioms, it becomes possible to integrate inside a single mathematical formalism
gravitational, electromagnetic, weak and strong interactions. Gauge fields of the three last inter-
actions then become, inside this formalism, connections of a discrete space and are interpreted
as pseudo-forces associated to the gravitational field.
One of the elements of this formalism is a self-adjoint operator D, unbounded, with compact
resolvent and acting on a Hilbert space. Applied to high energy physics, this operator will be
the Dirac operator : D = D/ . It has now two important roles :
– it determines fermion dynamics via Dirac equation.
– it encodes the space-time metric and thus become a dynamical object.
Indeed, in the same way that one can determine the electric or magnetic field by measuring
the shift of the spectral lines of atoms immersed in these fields (Stark and Zeeman effects res-
pectively), the Dirac operator spectra allows one to retrieve informations on the gravitational
field via the distance formula.
The purpose of this report is to show that the Noncommutative Geometry, when a spec-
tral triple is chosen equivalent to a Riemannian geometry allows, via the fluctuation of Dirac
operator, the obtention of an exact equivalence principle : generation of curvature and torsion
from flat space.
It is not the purpose of this report to introduce the Noncommutative Geometry, its appli-
cation to the context of high energy physics being easily found [SCH01], [SCH02], [KRA01],
[STE01]. Hence, we will restrict its introduction to the elements taking part to the fluctuation
method.
We begin this report by a short reminder on General Relativity, which will lead us to introduce
the equivalence principle and to show the necessary formalism for applying the Dirac operator
in curved space. We then introduce the fluctuation method in a simple case, and formalize it
to the more general case. We finish by exemplifying this fluctuation method on two examples
using coordinate transformations. The first one takes place in a space of dimension 2, using the
coordinate transformation cartesian/polar, the second one takes place in a space of dimension
3, using the coordinate transformation cartesian/spherical.
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Chapitre 1
A look back on General Relativity
General relativity is the theory that describes gravitational interactions. Space-time is
interpreted as a pseudo-Riemaniann manifold M on which test masses follow, in absence
of other forces, geodesics of the manifold. The pseudo-metric g(x), dynamical variable of
the theory, plays the role of the gravitational potential and the connection Γ(x) that of the
gravitational field [G&S01].
This chapter makes use of some definitions and theorems which are, for clarity, gathered in
the appendix. We consider a manifold M of dimension 4 standing for the space-time, on which
a metric g is defined.
One of the foundations of General Relativity is the covariance concept. To design this theory,
Einstein was guided by the idea that equations allowing one to describe physics have to conserve
the same mathematical structure in every inertial frames (covariance under the Poincare´
group : SO(3, 1) + translations from Special Relativity) and in every frames only subjected
to gravitational forces : frames in free fall (covariance under the diffeomorphims of the mani-
fold : Diff(M)). The mathematical entities that possess such property are qualified as covariant.
Another major concept of the theory is the equivalence principle. Starting from a reference
frame in which the observer measures a gravitational field, one can always bring him, by
an appropriate transformation (by the action of an element of Diff(M) onto the coordinate
system of this observer) to a reference frame whose motion compensates the gravitational field
and cancels its effect, which means that physics will then be properly described by Special
Relativity [BLA01]. This corresponds to the usual scene in which an observer in an elevator
become weightless after the pull up cable has been (intentionally !) cut.
However, this equivalence principle is local (in the sense “spatially restricted”). Indeed,
when the gravitational field is not uniform, an observer making experiments in a free falling
laboratory, a spatially extended place, will experience the gradient of the gravitationnal field,
and will thus detect tide-generating forces. The equivalence principle is thus :
Every free falling reference frame is locally equivalent to an inertial frame.
The equivalence principle is only exact on the world line of a point particle ; this is the Fermi
coordinate system.
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1.1 Einstein theory and Einstein-Cartan theory
The formalism of General Relativity, such as designed by Einstein, does not allow to insert
spinor objects. This is however required if one wants to take into account for elementary
particles, which are in the biggest proportion fermions. It is Cartan who allowed to use spi-
nor objects within the framework of General Relativity, by making use of non holonomic frames.
In General relativity, the space-time metric g plays the role of the dynamical field giving
birth to gravity. The first goal is thus to determine the differential equation ruling this field.
However, the metric being is a bilinear symmetric form and a differential equation for this
kind of object does not make sense. For that purpose, one can use a frame that allows to
represent the metric by a symmetric 4 × 4 matrix : the metric tensor (of rank 2), for which a
system of differential equatiosn makes sense. However, the metric is globally defined over the
manifold, and the use of a local frame to describe it brings an arbitrary into the equations :
the choice of frame is the gauge of the theory. We will look closer on the difference between
Special Relativity and General Relativity at this point :
• Special Relativity :
– The flat space-time is describe by the Minkowski metric η :
=⇒ gµν = ηµν for every inertial observers, (gµν is thus fixed).
– Relativity principle : two inertial observers describing the same physics, their respective
reference frame ea and e˜a are deduced from each other by a Lorentz transformation ΛL
such that : (
Λ−1T
L
η Λ−1
L
)
ab
= η˜ab (1.1)
=⇒ (Λ
L
)µν ∈ SO(3, 1)
• General Relativity (Einstein viewpoint) :
– The curved space-time is described by an arbitrary metric g solution of the differential
Einstein equation :
=⇒ (g(x))µν is different for every observer.
– Equivalence principle : considering the frame βµ(x) of an observer describing a curved
space-time, one can always get the reference frame β˜µ(x) of an observer describing a flat
space-time, by an appropriate transformation (Λϕ(x))
µ
ν
:
∀ (g(x))µν ∃
(
Λϕ(x)
)µ
ν
s.t. :
(
Λ−Tϕ (x)g(x)Λ
−1
ϕ (x)
)
µν
= (η˜(x))µν (1.2)
=⇒ (Λϕ(x))µν ∈ UGL4(R)
where ϕ ∈ Diff(M) ; (Λϕ(x))µν is the jacobian of the diffeomorphism ϕ.
The coordinate system x˜µ related to the metric tensor (η˜(x))µν is the Fermi coordinate system.
This metric tensor is equal to ηµν only along a geodesic line.
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The problem of inserting spinors in the Einstein formalism of General Relativity comes
from the fact that Dirac matrices are defined using a Clifford algebra, which requires to use an
orthonormal frame, whereas the group GL4(R) does not possesses a spin cover.
However, and what follows will lead us to the Cartan solution, there are different ways for
characterizing a metric g by using a frame :
– One can choose a frame βµ(x) (16 degrees of freedom), then the matrix which represents
the metric tensor gµν characterizes, with its 10 degrees of freedom, the metric in this
frame. The frame is indifferent, so the arbitrary on its choice (the gauge) corresponds to
the 16-parameters group UGL4(R) :
10 (metric tensor) + 16 (frame) - 16 (gauge group) = 10 independent parameters.
– One can choose an orthonormal frame ea associated to this metric (16 degrees of freedom).
The matrix which represents the metric tensor does not possesses any degrees of freedom
as it is given by ηµν in this frame. The frame being orthonormal, the arbitrary on its
choice corresponds to the 6-parameters Lorentz group SO(3, 1) :
0 (metric tensor) + 16 (frame) - 6 (gauge group) = 10 independent parameters.
Einstein uses the first characterization method but makes the implicit choice to use only frames
deriving from a coordinates system : holonomic frames. This implicit choice comes from the
fact that the covariance is realized under local diffeomorphisms ϕ of the manifold. Hence, the
arbitrary is no more related to the choice of frame but rather to the choice of a coordinate
system, which represents only 4 independent degrees of freedom, and forms a subset of UGL4 =
{Λ(x)} (where Λ(x) possesses 16 degrees of freedom) and does not form a Lie group. Hence,
General Relativity, as designed by Einstein, does not allow one to use spinor objects and does
not account for a gauge theory.
1.2 General Relativity as gauge theory
Cartan’s approach to General Relativity allows one to insert spinors in the theory and to
treat General Relativity as a gauge theory.
Einstein required the covariance under diffeomorphisms of the manifold, Diff(M) (i.e. under
the coordinate transformations : xµ = ϕµ(x˜)). These diffeomorphisms induce an arbitrary on
the choice of frame restricted to holonomic (dual) frames : dxµ, dx˜ν . The set of elements which
encodes the transformation laws (Λϕ(x))
µ
ν
∈ UGL4(R) (which are jacobians of the diffeomor-
phisms ϕ : dxµ = (Λϕ(x))
µ
ν
dx˜ν) does not forms a Lie group.
Cartan will extend this set of elements to the whole group UGL4(R), by requiring a covariance,
no more under the change of local maps of the manifold : Diff(M), but under the change of
arbitrary frames ; two arbitrary frames βµ(x), β˜µ(x˜) being related by an element Λ(x) belonging
to UGL4(R).
The set of permitted frames being now extended to non-holonomic frames, the Gram-Schmidt
theorem ensures that we can obtain orthonormal frames, which will be written ea in the follo-
wing. The link between an orthonormal (dual) frame ea, that Cartan called repe`re mobile, and
an holonomic (dual) frame dxµ is made by using a vierbein eaµ ∈ UGL4(R) :
ea = eaµ dx
µ (1.3)
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We thus have the relation :
(g(x))µν dx
µ dxν = (g(x))µν
(
e−1(x)
)µ
a
(
e−1(x)
)ν
b
ea eb = ηab e
a eb (1.4)
=⇒ (e−1T (x) g(x) e−1(x))
ab
= ηab (1.5)
This will allow one to reduce the gauge group and to insert spinors in the theory.
Before this, we can make a little remark concerning the symmetric gauge. We can see that
equation (1.5) expressed as :
(g(x))ab =
(
eT (x) η e(x)
)
ab
(1.6)
reduces in the euclidian case to (g(x))ab =
(
eT (x) e(x)
)
ab
. Hence, using the symmetric gauge
means expressing the vierbein (e(x))aµ by a symmetric matrix. Equation (1.5) then reduces to :
(g(x))ab = (e(x) e(x))ab =
(
e2(x)
)
ab
(1.7)
which makes explicit the fact that, using the symmetric gauge, one formally defines the
vierbein by the square root of the metric.
We return now to the gauge group. To every holonomic (dual is now implicit) frame, dxµ
and dxµϕ, linked by a diffeomorphism ϕ ∈ Diff(M) such that :
xµϕ = ϕ
µ(x) (1.8)
dxµϕ = (Λϕ(x))
µ
ν
dxν
are related mobile frames ea et ϕea linked by an element (Λ
L
(x))a
b
such that :
dxµϕ = (Λϕ(x))
µ
ν
dxν = (Λϕ(x))
µ
ν
(
e−1(x)
)ν
b
eb (1.9)
=
(
ϕe−1(xϕ)
)µ
a
ϕea
where, ϕea = (ϕe(xϕ))
a
µ
(Λϕ(x))
µ
ν
(
e−1(x)
)ν
b
eb = (Λ
L
(x))ab e
b (1.10)
thus (Λ
L
(x))ab = (
ϕe(ϕ(x)))aµ (Λϕ(x))
µ
ν
(
e−1(x)
)ν
b
(1.11)
The frames ea and ϕea being orthonormal, this transformation preserves the Minkowski metric
tensor ηµν , that is by definition the property of the element ΛL from the Lorentz group SO(3, 1).
However, the 16 parameters (Λ
L
)µν are constant parameters whereas parameters (ΛL(x))
a
b are
functions on M :
(Λ
L
(x))a
b
∈ USO(3, 1) (1.12)
Hence, the use of vierbeins reduces the gauge group UGL4(R) of the theory to the group
USO(3, 1). The latter possesses a spin cover, its elements will then be lifted to the spinor
space [SCH03].
Chapitre 2
Fluctuation of the Dirac operator
2.1 Generalized Dirac operator
In this chapter, we present the generalized Dirac operator, that we will simply call Dirac
operator in the following. However, in this chapter, we will make a distinction between the Dirac
operator ∂/ and the generalized Dirac operator D/ . We will see that the word “generalized” has
to be understood in the same way that General Relativity generalizes the Special Relativity
theory.
2.1.1 Short historical reminder
Dirac’s operator is born from the attempts to unify the Special Relativity theory and Quan-
tum Mechanics. In the beginning of the latter, a dual mathematical formalisms did exist : Ma-
trix Mechanics, initiated by W. Heisenberg and giving an operatorial viewpoint on Physics, and
Wave Mechanics, conceptually closer to classical mechanics because deriving from an evolution
equation similar to the fundamental principle of dynamics (the ordinary differential equation
due to Newton
−→
F = m−→a ), the Schro¨dinger equation :
i~
∂
∂t
ψt(x
i) = − ~
2
2m
∇2 ψt(xi) ou` ∇i := ∂
∂xi
(2.1)
i = {1, 2, 3}
where ψt(x
i) ∈ L2 (R3) is the wavefunction, complex scalar function of four real variables.
These two theories were in fact two different viewpoints of the same one that we call nowadays
Quantum Mechanics. However, history made the choice to develop the one of Schro¨dinger and
forgot, for some time, the Heisenberg viewpoint that Noncommutative Geometry brings back
to light.
The attempts for unification between Quantum Mechanics and Special Relativity led physicists
to find a version of the Schro¨dinger equation that is covariant under the Poincare´ group.
Using the correspondence principle :
E −→ i~ ∂t
pi −→ − i~ ∂xi ou P
µ −→ i~ ∂µ (2.2)
and the relativistic invariant of the 4-vector energy-momentum :
P µPµ =
E2
c 2
− P 2 = m2c2 −→ − ~2 ∂ µ∂µ = − ~2  (2.3)
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lead to the formulation of the Klein-Gordon equation :[
∂2
c 2 ∂t2
−∇2 + m
2c 2
~2
]
ψ(xµ) =
[
+
m2c 2
~2
]
ψ(xµ) = 0 (2.4)
where ψ ∈ L2 (R4) is still a complex scalar function.
This equation only addresses spin 0 particles, and suffers from non-positive probability density.
However, we can remark that this equation is covariant under the Poincare´ group, it is in fact
invariant (, m and ψ being scalar quantities).
In order to obtain an equation able to describe half-integer spin particles, and to suppress the
negative densities problem, Dirac tried to obtain an operator formally defined as the square
root of the operator appearing in the Klein-Gordon equation. To this purpose, he realized the
linearization of this equation (with ~ = c = 1) :[
+m2
]
ψ(xµ) = 0 ⇔ [P µPµ −m2] ψ(xν) = 0 (2.5)
P µPµ −m2 = (αµP µ +m) (γνP ν −m) (2.6)
= αµP
µ γνP
ν −m2 +mP µ (γµ − αµ)
where αµ and γµ are constants introduced to obtain scalar quantities, their indices being those
of 4-vectors. Comparing this equation with the Klein-Gordon one, we observe that the absence
of linear terms in P µ imply : αµ = γµ ; and we obtain the constraint on the γ
µ :
γµγν P
µP ν = P µPµ (2.7)
Developing the components in this equation, and identifying the terms in the two sides of the
equality lead to the constraint :
{γµ, γν} = 2 ηµν (2.8)
We see that here appears the underlying Clifford algebra, this constraint implying also that the
γµ, have to be matrix elements. The simplest solution representing these γµ matrices, named
Dirac matrices, is of dimension 4.
The Dirac equation reads :
( ∂/−m) ψσ(xν) = 0 ou` ∂/ := iγµ∂µ (2.9)
and ψσ ∈ L2 (R4) is now a spinor and possesses four components. In this way is defined the
Dirac operator ∂/.
One observes that the Dirac equation is covariant under the Poincare´ group, but the trans-
formation law is different from the one of a scalar or a 4-vector, it corresponds to the one of
a spinor. We observe that the Dirac operator itself is a scalar and thus invariant under the
Poincare´ group.
However, the theory formulated with this equation is not satisfactory, its main shortage being
the violation of causality. Moreover, it should be necessary to obtain a theory allowing one
to describe a changing number of particles in order to take into account for the disintegration
phenomenon. A solid theory will be obtained later, with the Relativistic Quantum Field Theory.
2.1. GENERALIZED DIRAC OPERATOR 15
2.1.2 Dirac operator and Differential Geometry
With the quest for unification, the General Relativity involved to generalize gauge theories,
defined on Minkowskian spaces, to pseudo-Riemannian manifolds, generalization operated by
Cartan (cf. Chapter 1). We will now be interested in incorporating the Dirac operator within
the Differential Geometry formalism, which will be made in two steps :
– one incorporates the operator in a Minkowskian space (gauge theories)
– one expresses the operator in a non-inertial coordinate system (equivalent to curved space)
Incorporation within a Minkowskian space
The Dirac operator ∂/ := iγµ∂µ being a first order differential operator, it will be natural to
define it from the exterior derivative d, whose action on a 0-form ψ and a 1-form β is :
dψ|x = ∂µψ(x) dx
µ (2.10)
dβ|x = ∂µβν(x) dx
µ ∧ dxν
where dxµ is an holonomic frame not necessarily inertial.
ψ is now a 0-form belonging to L2 (C4) (spinor), located in a fiber whose structure group
is Spin(3, 1). Th action of the covariant exterior derivative D, is given by the addition of a
connection (1-form with values in the Lie algebra spin(3, 1)) :
D : Λ0M −→ T ∗xM ⊂ Λ1M (2.11)
ψ(x) 7−→ (Dψ)|x = D|xψ(x) =
(
∂µψ(x) + (ρ (λ))µ ψ(x)
)
dxµ
=
(
∂µψ(x) +
1
4
(ω(x))abµ γ
aγb ψ(x)
)
dxµ
where λ ∈ so(3, 1) is an infinitesimal transformation and ρ its representation (which corresponds
to the lift SO(3, 1) → Spin(3, 1)) on the spinor space. The γa are the Dirac matrices and ωab
the spin connection [SCH02].
One can express, by use of the vierbein (e(x))aµ (cf. chapter 1), the Dirac operator in an
orthonormal frame ea :
(Dψ)|x = Dµ|x ψ(x) dx
µ =
(
e−1(x)
)µ
a
Dµ|x ψ(x) ea (2.12)
We know thanks to the Gram-Schmidt theorem, that an orthonormal frame does exist on every
chart of the manifold : a family of Dirac matrices (where γa are constant matrices and identical
in every frame) is thus locally defined in the tangent space TxM :
γ = γa ea |x (2.13)
One can observe that this vector field, which is Dirac matrix valued, and the field of 1-forms
Dψ have inverse transformation laws under chart change and compensates each other.
We finally define the generalized Dirac operator, on a Minkowskian space and in an arbitrary
coordinate system, by the operator :
D/ : Λ0M −→ Λ0M (2.14)
ψ 7−→ D/ ψ = i (γ ,Dψ) = iγa (e−1(x))µ
b
Dµ|x ψ(x)
(
ea , e
b
)
= iγa
(
e−1(x)
)µ
a
(
∂µ +
1
4
(ω(x))abµ γ
aγb
)
ψ
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where (· , ·) is the duality product.
It is also shown that imposing a covariance under the diffeomorphisms of the manifold lead to
the appearance of the vierbein and the spin connection ([FRI01]).
2.2 Conjecture on the fluctuation
Theorem (Moser) : Be M a differentiable manifold of dimension n without boundary,
orientable, connected and compact. Be ω, η ∈ Ωn two volume forms with∫
M
ω =
∫
M
η (2.15)
There exists a diffeomorphism ϕ : M −→M such that ϕ∗ω = η.
Conjecture : On a spin Riemannian manifold, every Dirac operator fD/ can be obtained
from an arbitrary Dirac operator D/ , as a finite linear combination of coordinate transforma-
tions applied to D/ . The Dirac operators fD/ are called fluctuated Dirac operators.
We will show here after, far from giving the proof of this conjecture, that a fluctuation
method leads to express a fluctuated Dirac operator fD/ , in a frame derived from a coordinate
system x, by the general expression :
fD/ |x =
s∑
i=1
αi
ϕiD/ |ϕi(x)∣∣∣ det [ (e(x))aµ s∑
i=1
αi (ϕie−1(ϕi(x)))
ν
c
(
J−1ϕi (x)
)µ
ν
] ∣∣∣ 1n−1 (2.16)
where fD/ |x is written in the coordinate system in which the fluctuation is operated.
αi ∈ R are constants.
{ϕi}si=1 is a finite set of diffeomorphisms in the connected component
of identity and such that : xϕ = ϕ(x) .
ϕiD/ = L (ϕi) D/ L (ϕi)
−1 where D/ is the initial Dirac operator.
(Jϕi(x))
µ
ν
is the jacobian of the diffeomorphism ϕi.
(e(x))aµ is the vierbein of the initial Dirac operator.
In the same way as the General Relativity gives to the metric a role of dynamical variable,
solution of an evolution equation (the Einstein equation), Noncommutative Geometry does
the same by giving to the Dirac operator an equivalent role to that of the metric. However,
contrary to the metric case, linear combinations of Dirac operators are permitted.
The dynamical configuration space F of every Dirac operators is defined by
F :=


fD/
∣∣∣ fD/ |x =
s∑
i=1
αi
ϕiD/ |ϕi(x)∣∣∣ det [ (e(x))aµ s∑
i=1
αi (ϕie−1(ϕi(x)))
ν
c
(
J−1ϕi (x)
)µ
ν
] ∣∣∣ 1n−1

 (2.17)
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This dynamical configuration space is, so far, restricted to Dirac operators describing spaces
without torsion. The results obtained in this report (i.e. generation of torsion from initially flat
spaces) shows the necessity to extend this configuration space to Dirac operators describing
spaces with torsion also. This requires to be able to determine the spin connection of such an
operator.
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2.3 Fluctuated Dirac operator
In this section, we give the general form of the fluctuated Dirac operator fD/ , expressed
in terms of the fluctuated vierbein and the fluctuated spin connection. In the first part, the
fluctuation is operated by using a single operator sum, and will then be carried out in the
general case of a fluctuated Dirac operator by means of multiple sums.
The process which led to this fluctuation method has implied to define a sum of operators
deduced from the scalar product defining the Dirac action.
In the following, we use an euclidian metric in order to allow the computation of its square
root. This is a necessary condition if one wants to work in the symmetric gauge, for which the
vierbein is defined as the square root of the metric.
2.3.1 Fluctuation : a preliminary description
We consider the frame of a particular observer O endowed with a coordinate system xµ. In this
frame, the Dirac action of an arbitrary field ψ reads :
(ψ, D/ψ) =
∫
Rn
dnx| det e ||x ψ∗(x) D/ |x ψ(x) (2.18)
=
∫
Rn
dnx| det e ||x ψ∗(x) i
(
e−1(x)
)µ
c
γc
(
∂
∂xµ
+
1
4
(ω(x))abµ γ
aγb
)
ψ(x)
Let as draw attention to an expression that will appear more fundamental than the Dirac
operator itself for the fluctuation purpose :
| det e ||x D/ |x = | det e ||x i
(
e−1(x)
)µ
c
γc
(
∂
∂xµ
+
1
4
(ω(x))abµ γ
aγb
)
(2.19)
In the following, we consider the frame of an observer Oϕ endowed with a coordinate system xϕ,
deduced from the previous one by a diffeomorphism ϕ in the connected component of identity
(for which det Jϕ > 0) such that :
(xϕ)
µ = ϕµ(x)
and thus xµ =
(
ϕ−1(xϕ)
)µ
(2.20)
with (dxϕ)
µ =
∂ϕµ(x)
∂xν
dxν =: (Jϕ(x))
µ
ν dx
ν
In this frame, the Dirac operator ϕD/ , deduced from the previous one by the lift of the diffeo-
morphism
ϕD/ = L(ϕ) D/L(ϕ)−1 (2.21)
allows to define the action of the field ψϕ = L (ϕ)ψ :
(ψϕ,
ϕD/ψϕ) =
∫
Rn
dnxϕ| det ϕe ||xϕ ψ∗ϕ(xϕ) (2.22)
i
(
ϕe−1(xϕ)
)µ
c
γc
(
∂
∂xϕµ
+
1
4
(ϕω(xϕ))abµ γ
aγb
)
ψϕ(xϕ)
for which we know that (ψϕ,
ϕD/ψϕ) = (ψ, D/ψ).
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The theorem of change of variables allows to write :
(xϕ)
µ −→ (xϕ(x))µ = ϕµ(x) (2.23)
dxϕ
µ −→ d [(xϕ(x))µ] = (Jϕ(x))µν dxν
=⇒ dnxϕ −→ dn(xϕ(x)) = det(Jϕ)|x dnx
where Jϕ is the jacobian of the diffeomorphism ϕ. We can thus express the action in the
coordinates xµ of the previous frame.
At this point, we have to put the emphasis on the difference between this change of variables,
which expresses a single term in two different coordinate systems linked by a diffeomorphism
ϕ, and the diffeomorphism lift, which generates a rotation in the Hilbert space of spinors and
engenders a real difference between the two Dirac operators D/ et ϕD/ . With our notations :
ϕD/ |xϕ ∼ ϕD/ |ϕ(x) (2.24)
≁ D/ |ϕ−1(xϕ)
This notation can be resumed by : liftD/ |coordonne´es .
With this remark, we can write equation (2.22), by means of the change of variables (2.23), in
the initial coordinates xµ :
(ψϕ,
ϕD/ψϕ) =
∫
Rn
det(Jϕ)|x d
nx| det ϕe ||ϕ(x) ψ∗ϕ(ϕ(x)) (2.25)
i
(
ϕe−1(ϕ(x))
)µ
c
γc
(
(J−1
ϕ
(x))ν
µ
∂
∂xν
+
1
4
(ϕω(ϕ(x)))abµ γ
aγb
)
ψϕ(ϕ(x))
Here again, we want to highlight the term :
det(Jϕ)|x | det ϕe ||ϕ(x) ϕD/ |ϕ(x) = (2.26)
det(Jϕ)|x | det ϕe ||ϕ(x) i
(
ϕe−1(ϕ(x))
)µ
c
γc
(
(J−1
ϕ
(x))ν
µ
∂
∂xν
+
1
4
(ϕω(ϕ(x)))abµ γ
aγb
)
We have chosen to express the vierbeins eaµ and (
ϕe)aµ in the symmetric gauge and, in that
case, we have written in an equivalent way the volume form :
dVn =
√
| det g..||x dnx = | det e ||x dnx (2.27)
Moreover, we know by the same reasoning as in (A.10), that two metric tensors gµν and
ϕgµν
are related by :
(ϕe (ϕ(x)))µν =
√
(ϕg (ϕ(x)))µν =
√(
J−T
ϕ
(x) g(x) J−1
ϕ
(x)
)
µν
(2.28)
and the term
√
| det g.. |, or here the term | det e |, transforms with the jacobian under a change
of variables :
det(Jϕ)|x | det ϕe ||ϕ(x) ϕD/ |ϕ(x) = det(Jϕ)|x
∣∣∣∣det
(√(
J−T
ϕ
g J−1
ϕ
)
..
)∣∣∣∣
|x
ϕD/ |ϕ(x) (2.29)
= det(Jϕ)|x
(
det
√
g
..
)
|x det(J
−1
ϕ
)|x
ϕD/ |ϕ(x)
= | det e ||x ϕD/ |ϕ(x)
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Hence, the only term keeping trace of the diffeomorphism in equation (2.26) is the Dirac
operator.
From the scalar products appearing in the actions (2.18) and (2.25), we will determine the
fluctuated Dirac operator fD/ in the frame related to the observer O. To this purpose, we define
fD/ as the operator determining the action of the field ψ in the frame O after fluctuation. The
invariant measure from the action integral is then expressed with the fluctuated vierbein (fe )aµ.(
ψ, fD/ψ
)
=
∫
Rn
dnx| det fe ||x ψ∗(x) fD/ |x ψ(x) (2.30)
=
∫
Rn
dnx| det fe ||x ψ∗(x) i
(
fe
−1
(x)
)µ
c
γc
(
∂
∂xµ
+
1
4
(
fω(x)
)
abµ
γaγb
)
ψ(x)
In order to ensure that the resulting Dirac operator be hermitian, we have to sum, not the
Dirac operators themselves, but the entire terms found under the integral :
| det fe ||x fD/ |x = | det e ||x D/ |x + det(Jϕ)|x | det ϕe ||ϕ(x) ϕD/ |ϕ(x) (2.31)
= | det e ||x
(
D/ |x +
ϕD/ |ϕ(x)
)
We can now determine the fluctuated vierbein (fe(x))aµ and the fluctuated spin connection
(fω(x))abµ belonging to the frame O. After having explicitly expressed the Dirac operators, we
can identify the following terms :
| det fe ||x
(
fe
−1
(x)
)µ
c
=
(
E−1
)µ
c
(2.32)
= | det e ||x
[(
e−1(x)
)µ
c
+
(
ϕe−1(ϕ(x))
)ν
c
(
J−1
ϕ
)µ
ν
]
| det fe ||x
(
fe
−1
(x)
)µ
c
(
fω(x)
)
abµ
= (ΩE)abc (2.33)
= | det e ||x
[(
e−1(x)
)µ
c
(ω (x))abµ
+
(
ϕe−1(ϕ(x))
)µ
c
(ϕω(ϕ(x)))abµ
]
We can deduce the expression of the term | det fe ||x by computing the determinant of equation
(2.32).
det[(2.32)] −→ (det fe )n−1|x (2.34)
⇒ | det fe ||x = | det
(
E−1(x)
) | 1n−1 = | det (E(x)) | −1n−1
We can thus obtain the expressions of the fluctuated vierbein and the fluctuated spin connec-
tion : (
fe(x)
)a
µ
= | det (E(x)) | −1n−1 (E(x))aµ (2.35)(
fω(x)
)
abµ
= (ΩE(x))abc (E(x))
c
µ (2.36)
The fluctuated vierbein and spin connection are now written in an abstract manner, and
are functions of terms (E(x))aµ and (ΩE(x))abc. The explicit form of these terms allows one to
easily generalize the fluctuation method to an arbitrary sum of diffeomorphisms.
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2.3.2 Fluctuation : general case
We consider a finite set of diffeomorphisms {ϕi}si=1. We restrict this set to diffeomorphisms
that preserve orientation of frames in the tangent fiber of the bundle : det (Jϕi) > 0. These
diffeomorphisms are thus in the component connected to identity. However, we stress that
unicity of lifts is only ensured for diffeomorphisms infinitesimally close to the identity [IOC01].
Each of these diffeomorphisms applies the coordinates xµ from an observer O to the coordinates
of another observer Oϕi :
(xϕi)
µ = ϕµi (x)
xµ =
(
ϕ−1i (xϕi)
)µ
(2.37)
(dxϕi)
µ =
∂ϕµi (x)
∂xν
dxν =: (Jϕi(x))
µ
ν
dxν
To each observer Oϕi corresponds a Dirac operator
ϕiD/ = L (ϕi) D/ L (ϕi)
−1, written with
coordinates xϕi , and an associated Dirac action defined by the appropriate scalar product :
(ψϕi ,
ϕiD/ψϕi) =
∫
Rn
dnxϕi| det ϕie ||xϕi ψ
∗
ϕi
(xϕi)
ϕiD/ |xϕi ψϕi(xϕi) (2.38)
=
∫
Rn
dnxϕi| det ϕie ||xϕi ψ
∗
ϕi
(xϕi) i
(
ϕie−1(xϕi)
)µ
c
γc
(
∂
∂xµϕi
+
1
4
(ϕiω(xϕi))abµ γ
aγb
)
ψϕi(xϕi)
The theorem of change of variables allows to write the operator ϕiD/ in the coordinates xµ, and
the corresponding jacobian changes the differential part of the operator :
(ψϕi ,
ϕiD/ψϕi) =
∫
Rn
dnx det(Jϕi)|x | det ϕie ||ϕi(x) ψ∗ϕi(ϕi(x)) ϕiD/ |ϕi(x) ψϕi(ϕi(x)) (2.39)
=
∫
Rn
dnx| det e ||x ψ∗ϕi(ϕi(x)) ϕiD/ |ϕi(x) ψϕi(ϕi(x))
The linear combination with coefficients αi ∈ R of terms appearing behind the integral sign
(now unique with integration variable x, belonging to the frame of observer O) leads to :
| det fe ||x fD/ |x = | det e ||x
s∑
i=1
αi
ϕiD/ |ϕi(x) (2.40)
We can express the terms (E(x))aµ and (ΩE(x))abc in the general case :
(
E−1(x)
)µ
a
= | det e ||x
s∑
i=1
αi
(
ϕie−1(ϕi(x))
)ν
a
(
J−1ϕi (x)
)µ
ν
(2.41)
(ΩE(x))abc = | det e ||x
s∑
i=1
αi
(
ϕie−1(ϕi(x))
)µ
c
(ϕiω(ϕi(x)))abµ (2.42)
with which we express the fluctuated spin connection, vierbein and the absolute value of its
determinant : (
fω(x)
)
abµ
= (ΩE(x))abc (E(x))
c
µ (2.43)(
fe(x)
)a
µ
= | det (E(x)) | −1n−1 (E(x))aµ (2.44)
| det fe ||x = | det (E(x)) |
−1
n−1 (2.45)
22 CHAPITRE 2. FLUCTUATION OF THE DIRAC OPERATOR
where the relatively simple expression of the determinant allows one to write :
| det fe ||x = | det e |
n
n−1
|x
∣∣∣∣∣det
[
s∑
i=1
αi
(
ϕie−1(ϕi(x))
)ν
c
(
J−1ϕi (x)
)µ
ν
]∣∣∣∣∣
1
n−1
(2.46)
From (2.40), this lead to express the fluctuated Dirac operator as follows :
fD/ |x =
s∑
i=1
αi
ϕiD/ |ϕi(x)∣∣∣ det [ (e(x))aµ s∑
i=1
αi (ϕie−1(ϕi(x)))
ν
c
(
J−1ϕi (x)
)µ
ν
] ∣∣∣ 1n−1 (2.47)
where fD/ |x is expressed with the coordinates of the frame in which is operated the fluctuation.
αi ∈ R are constants.
{ϕi}si=1 is a finite set of diffeomorphisms infinitesimally close to
identity and such that : xϕ = ϕ(x) .
ϕiD/ = L (ϕi) D/ L (ϕi)
−1 where D/ is the original Dirac operator.
(Jϕi(x))
µ
ν
is the jacobian of the diffeomorphism ϕi.
(e(x))aµ is the vierbein of the original Dirac operator.
Hence, we have obtained the general form of the fluctuated Dirac operator, expressed in terms
of diffeomorphisms ϕi (through their jacobian Jϕi(x)), as well as the fluctuated vierbeins and
spin connections (resulting from the lifts of diffeomorphisms L (ϕi) applied to D/ ).
fD/ = fD/ (e, ω, αi, ϕi,
ϕie,ϕiω) (2.48)
It is worth noting that explicit calculation of an arbitrary fluctuated Dirac operator requires
to determine the spin connection (ϕiω(ϕi(x)))abµ, also in the case where the original space (i.e.
before applying the lift L (ϕi)) has torsion.
Chapitre 3
Examples of fluctuation
In this chapter, after a preliminary discussion concerning the constraint on the torsion of
space induced by the hermiticity of the Dirac operator, we develop two examples of fluctuation.
We use coordinate transformations between two frames in flat spaces. First, a 2-dimensional
example using the cartesian/polar coordinate transformation, then the same in three dimen-
sions.
3.1 Hermiticity of Dirac operator and torsion of space
In the following, we show that hermiticity of the Dirac operator (required to ensure real-
valued energy eigenstates) implies a constraint on the torsion of space-time. This property
will allow to test the fluctuation method by making sure that the resulting operator fulfill this
requirement. By simplicity we restrict this derivation to a 2-dimensional case, which corresponds
to the first example. However, this derivation can be generalized to an arbitrary n-dimensional
case. In the case we study here, the following relations hold :
∗ ⇐⇒ † (3.1)
gµν = δµν = 12 (3.2)
γµ = σµ , implying hermiticity of γ matrices (3.3)
(γµ)† = γµ (3.4)
{γa, γb} = 2gab = 2δab (3.5)
where the matrix γ3 = σ3 is the chirality operator.
Writing the matrix element :
(φ, D/ψ) =
∫
R2
d2x
√
|det g(x)..| φ†(x) D/ |x ψ(x)
=
∫
d2x
√
|det g..| φ† i(e−1)µcγc
(
∂
∂xµ
+
1
4
ωabµγ
aγb
)
ψ (3.6)
=
∫
d2x| det e ||x φ∗ i(e−1)µcγc
∂ψ
∂xµ
+
∫
d2x| det e ||x φ∗ i(e−1)µcγc
1
4
ωabµγ
aγbψ
= (I) + (II)
The spin connection ω(e, ∂e) satisfy the relations :
ωab ∈ so(2) =⇒ (ω†)ba = (ωT )ba = −ωab (3.7)
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The inverse vierbein (e−1)µc being a real symmetric matrix :
((e−1)µc)
† = ((e−1)µc)
T = (e−1)µc (3.8)
• Detailed calculation of the first part :
(I) =
∫
d2x| det e ||x φ† i(e−1)µcγc
∂ψ
∂xµ
(3.9)
An integration by parts gives :
∂
∂xµ
[| det e ||xφ†(e−1)µcγcψ] = | det e ||x ∂φ†∂xµ (e−1)µcγcψ + | det e ||xφ†(e−1)µcγc ∂ψ∂xµ
+
∂
∂xµ
[| det e ||x(e−1)µc] φ†γcψ (3.10)
(I) = i
∫
d2x
∂
∂xµ
[| det e ||xφ†(e−1)µcγcψ]− i
∫
d2x| det e ||x ∂φ
†
∂xµ
(e−1)µcγ
cψ
−i
∫
d2x
∂
∂xµ
[| det e ||x(e−1)µc]φ†γcψ (3.11)
=
∫
d2x| det e ||x (i)†(e−1)µc
∂φ†
∂xµ
(γc)† ψ − i
∫
d2x
∂
∂xµ
[| det e ||x(e−1)µc]φ†γcψ
where the simplification of the boundary term in the first equality is obtained for sufficiently
fast decreasing fields ensuring the fields are null at infinity.
Hence, the term (I) becomes :
(I) =
∫
d2x| det e ||x
(
i(e−1)µcγ
c ∂φ
∂xµ
)†
ψ (3.12)
−i
∫
d2x
∂
∂xµ
[| det e ||x(e−1)µc] φ†γcψ
• Detailed calculation of the second part :
(II) =
∫
d2x| det e ||x φ† i(e−1)µcγc
1
4
ωabµγ
aγb ψ
=
∫
d2x| det e ||x φ† (−i)†(e−1)µc(γc)†
1
4
(−ω†baµ)(γa)†(γb)† ψ (3.13)
=
∫
d2x| det e ||x
(
i(e−1)µc
1
4
ωbaµγ
bγaγcφ
)†
ψ
and the following relation holds : γbγaγc = γcγbγa + 2 δac γb − 2 δbc γa
thus
(II) =
∫
d2x| det e ||x
(
i(e−1)µc
1
4
(ωbaµγ
cγbγa + 2 ωb
c
µγ
b − 2 ωcaµγa)φ
)†
ψ (3.14)
=
∫
d2x| det e ||x
(
i(e−1)µcγ
c1
4
ωabµγ
aγbφ
)†
ψ +
∫
d2x| det e ||x
(
i(e−1)µaωb
a
µγ
bφ
)†
ψ
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The second term reads :
(II) =
∫
d2x| det e ||x
(
i(e−1)µcγ
c1
4
ωabµγ
aγbφ
)†
ψ (3.15)
+i
∫
d2x| det e ||x (e−1)µaωabµ φ†γbψ
• One obtains :
(φ,Dψ) = (I) + (II)
=
∫
d2x| det e ||x
(
i(e−1)µcγ
c ∂φ
∂xµ
)†
ψ +
∫
d2x| det e ||x
(
i(e−1)µcγ
c1
4
ωabµγ
aγbφ
)†
ψ
−i
∫
d2x
∂
∂xµ
[| det e ||x(e−1)µc]φ†γcψ + i
∫
d2x| det e ||x(e−1)µaωabµφ†γbψ (3.16)
= (Dφ, ψ) + i
∫
d2x| det e ||x
(
(e−1)µaω
a
bµ −
1
| det e ||x
∂
∂xµ
[| det e ||x(e−1)µc]
)
φ†γbψ
= (Dφ, ψ) + i
∫
d2x| det e ||x Fb φ†γbψ
ou` Fb = (e
−1)µaω
a
bµ −
1
| det e ||x
∂
∂xµ
[| det e ||x(e−1)µc] (3.17)
Using the relations :
∂(e−1)µa
∂xσ
= −(e−1)µb
∂eb ρ
∂xσ
(e−1)ρa (3.18)
∂ detA
∂xµ
= detA · Tr
[
A−1
∂A
∂xµ
]
= detA · (A−1)ρa
∂Aaρ
∂xµ
(3.19)
this lead to the calculations :
Fb = (e
−1)µaω
a
bµ −
1
| det e ||x
∂
∂xµ
[| det e ||x(e−1)µc] (3.20)
= (e−1)µaω
a
bµ −
1
| det e ||x
∂
∂xµ
[| det e ||x] (e−1)µc − ∂∂xµ [(e−1)µc]
= (e−1)µaω
a
bµ − (e−1)σa
∂eaσ
∂xµ
(e−1)µc + (e
−1)µa
∂eaν
∂xµ
(e−1)νb
= (e−1)µaω
a
bµ + (e
−1)µa
(
∂eaν
∂xµ
− ∂e
a
µ
∂xν
)
(e−1)ν b
Moreover, the torsion 2-form reads (1st structure equation) :
T := de+ ω ∧ e (3.21)
=
1
2
[
(∂µe
a
ν − ∂νeaµ) + (ωabµeb ν − ωabνeb µ)
]
dxµ ∧ dxν
=
1
2
T aµν dx
µ ∧ dxν
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=⇒ ∂µeaν − ∂νeaµ = T aµν − (ωabµeb ν − ωabνeb µ) (3.22)
and thus
Fb = (e
−1)µaω
a
bµ + (e
−1)µa
[
T aµν − (ωacµec ν − ωacνec µ)
]
(e−1)νb (3.23)
= (e−1)µaω
a
bµ + T
a
µν(e
−1)µa(e
−1)νb − (e−1)µaωabµ + (e−1)µbωaaµ
= T aab
where the torsion T is function of the Le´vy-Civita connection Γαµν :
T aab = e
a
α T
α
µν (e
−1)µa(e
−1)νb (3.24)
= eaα
[
Γαµν − Γανµ
]
(e−1)µa(e
−1)νb
One finally obtains :
(φ,Dψ) = (Dφ, ψ) + i
∫
d2x| det e ||x T aab φ†γbψ (3.25)
Hence, hermiticity of the Dirac operator implies the constraint :
T aab = 0 (3.26)
or in a similar way :
T aaµ = T
a
ab e
b
µ = 0 (3.27)
However, in dimension 2, this constraint implies that torsion itself vanishes. We show this
property in the following.
The torsion tensor T aµν (which can be qualified of hybrid because its covariants and contra-
variants indices are expressed in different frames) is an antisymmetric tensor on its two covariant
indices :
T aµν = − T aνµ (3.28)
and thus possesses, in dimension n, n
2(n−1)
2
independent components. In dimension 2, it possesses
two degrees of freedom. The previous constraint then writes :
T aaµ =
(
e−1
)σ
a
T aσµ (3.29)
=
{
(e−1)21 T
1
21 + (e
−1)22 T
2
21 = 0 (µ = 1)
(e−1)11 T
1
12 + (e
−1)12 T
2
12 = 0 (µ = 2)
that is equivalent to the system :{
(e−1)21 T
1
12 = (e
−1)22 T
2
21
(e−1)11 T
1
12 = (e
−1)12 T
2
21
(3.30)
Making the ratio of these two equations, one obtains the constraint :
(e−1)21
(e−1)11
=
(e−1)22
(e−1)12
⇐⇒ (e−1)1
1
(
e−1
)2
2
− (e−1)2
1
(
e−1
)1
2
= 0 (3.31)
⇐⇒ det e−1 = 0 impossible : eaµ ∈ GL4(R)
=⇒ T 112 = T 212 = 0 (3.32)
Hence, in dimension 2, hermiticity of the Dirac operator implies that space cannot have torsion.
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3.2 1st coordinate transformation : cartesian / polar
To realize this first fluctuation, we consider the case of a flat euclidian space of dimension 2
without torsion, on which a coordinate system x˜µ = (x, y)T is defined leading to the holonomic
and orthonormal frame such that :
∂˜µ :=
{
∂
∂x˜µ
}2
µ=1
=
{
∂
∂x
,
∂
∂y
}
(3.33)
et g˜µν = δµν
In this frame, the Dirac operator reads :
D˜/ |x˜ = i
(
e˜−1(x˜)
)µ
c
γc
(
∂
∂x˜µ
+
1
4
(ω˜(x˜))abµ γ
aγb
)
(3.34)
The vierbein e˜aµ, chosen in the symmetric gauge and defined as the square root of the metric
tensor, corresponds to the unit matrix. Moreover, this space being without torsion, the spin
connection ω˜(x˜) vanishes identically. The Dirac operator D˜/ reduces to :
D˜/ = ∂˜/ = i δ˜µa γ
a ∂
∂x˜µ
(3.35)
Now, one considers polar coordinates xµ = ϕ (x˜)µ = (r, θ)T , in the holonome frame :
{
r ∈ [0,+∞]
θ ∈ [0, 2π[ (3.36)
∂µ :=
{
∂
∂xµ
}2
µ=1
=
{
∂
∂r
,
∂
∂θ
}
endowed with the metric tensor (g(x))µν (3.37)
which is deduced from x˜µ by the diffeomorphism ϕ such that :
x˜µ =
(
ϕ−1(x)
)µ ⇐⇒ { x = r cos(θ)
y = r sin(θ)
(3.38)
dx˜µ =
∂ (ϕ−1(x))µ
∂xν
dxν =
(
J−1ϕ (x)
)µ
ν
dxν
where
(
J−1
ϕ
(x)
)µ
ν
=
(
cos (θ) −r sin(θ)
sin(θ) r cos(θ)
)
Now, we have to determine the resulting Dirac operator D/ := ϕD/ such that :
D/ = L (ϕ) D˜/ L (ϕ)−1 (3.39)
= i
(
e−1(x)
)µ
c
γc
(
∂
∂xµ
+
1
4
(ω(x))abµ γ
aγb
)
We thus have to determine the expression of the vierbein (e(x))aµ and of the spin connection
(ω(x))abµ.
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From the previous jacobian, we can compute the metric tensor (g(x))µν :
dx˜α dx˜α = g˜µν dx˜
µ dx˜ν (3.40)
= g˜ρσ
(
J−1
ϕ
(x)
)ρ
µ
(
J−1
ϕ
(x)
)σ
ν
dxµ dxν
= (g(x))µν dx
µ dxν
=⇒ (g(x))µν =
(
J−Tϕ (x) g˜ J
−1
ϕ (x)
)
µν
One then obtains :
(g(x))µν = g
(
∂
∂xµ
,
∂
∂xν
)
|x
=
(
1 0
0 r2
)
(3.41)
One can observe that the basis ∂µ is not normed for this metric.
We will find the vierbein allowing one to obtain an orthonormal frame {ea} for this metric. We
write {ea} the dual orthonormal basis : ea = (e(x))aµ dxµ.
ea =
(
e−1(x)
)µ
a
∂
∂xµ
(3.42)
Since this base is orthonormal, the following relation holds :
(g(x))ab = g (ea, eb)|x = (g(x))µν
(
e−1(x)
)µ
a
(
e−1(x)
)ν
b
= δab (3.43)
=⇒ (e−Tge−1)
ab
= δab (3.44)
We have chosen to express vierbein matrices (ϕie(x))aµ in the symmetric gauge. The metric
tensor (g(x))µν being diagonal, the computation of its square root is straightforward :
(e(x))aµ =
(√
g(x)
)a
µ
=
(
1 0
0 r
)
(3.45)
=⇒ (e−1(x))µ
a
=
(
1 0
0 1/r
)
The (dual) frame {ea} is orthonormal but no more holonomic :{
e1 = dr
e2 = rdθ
=⇒
{
de1 = 0
de2 = e
1∧e2
r
= dr ∧ dθ (3.46)
We compute the spin connection ω(x) using the following formula, obtained from solving the
first Cartan structure equation in the case of a space without torsion (and thus restrained to
this particular case) :
ω ∧ e = − de =⇒ (3.47)
(ω(x))abµ =
1
2
[
∂βe
a
µ − ∂µeaβ + emµ (∂βemα)
(
e−1
)α
a
] (
e−1
)β
b
− [a←→ b]
One then obtains :
ω(x) := (ω(x))ab =
(
0 −1
1 0
)
dθ (3.48)
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We can now verify that the frame ∂µ, the torsion 2-form T (x) and the curvature scalar deduced
from the curvature 2-form R(x) (1st and 2nd Cartan structure equations) are null (in the case
of the torsion, it is equivalent to verifying the computations done, this condition being the
starting hypothesis for the computation of the connection) :
T = de+ ω ∧ e (3.49)
de = ∂µe
a
ν dx
µ ∧ dxν =
(
0
1
)
dr ∧ dθ
ω ∧ e = ωabµ ebν dxµ ∧ dxν
=
(
0 −1
1 0
)(
1
0
)
dθ ∧ dr =
(
0
−1
)
dθ ∧ dr


=⇒ T = 0
R = dω + ω ∧ ω (3.50)
dω = ∂µω
a
bν dx
µ ∧ dxν = 0
ω ∧ ω = ωabµ ωbcν dxµ ∧ dxν = 0
}
=⇒ R = 0
Hence, starting with a flat, torsionless space, we obtain, after applying the diffeomorphism, a
still flat and torsionless space.
The fluctuation is operated in the following. In order to simplify the calculations, the αi
coefficients are taken equal to unity. The fluctuation will be done in the frame deriving from
the polar coordinate system. Hence, the diffeomorphism mapping cartesian coordinates to the
polar ones is ϕ−1. The jacobian that appears in formula (2.41) is Jϕ associated to (e˜−1)
a
µ :
(
E−1(x)
)µ
c
:= | det fe ||x
(
fe
−1
(x)
)µ
c
= | det e ||x
[
Jϕ(x) e˜
−1 (ϕ−1(x))+ e−1(x)]µ
c
(3.51)
= r
[(
cos(θ) sin(θ)
− sin(θ)/r cos(θ)/r
)
12 +
(
1 0
0 1/r
)]
=
(
r (cos(θ) + 1) r sin(θ)
− sin(θ) (cos(θ) + 1)
)
We also compute the term (ΩE(x))abc :
(ΩE(x))abc := | det fe ||x
(
fe
−1
(x)
)µ
c
(
fω(x)
)
abµ
= | det e ||x
(
e−1(x)
)µ
c
(ω(x))abµ
= | det e ||x (ω(x))ab
(
e−1(x)
)
c
= r
(
02(ab) ,
(
0 −1
1 0
)
(ab)
)
(µ)
(
1 0
0 1/r
)
(µc)
(3.52)
=
(
02(ab) ,
(
0 −1
1 0
)
(ab)
)
(c)
where bracketed indices mark which matrix is related to the same un-bracketed indices.
It would be easy to express, by means of these terms, the vierbein and the spin connection of
the fluctuated Dirac operator. However, in order to understand each step of the calculation, we
forget these terms and pursue with the same method as the previous one, and keep the use of
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the general terms E(x) and ΩE(x) to the next example which is more expensive in calculations.
Thus, we compute the determinant of the fluctuated vierbein :
the space being of dimension 2, det [(3.51)] −→ (det fe )|x (3.53)
| det fe ||x = r
[
(cos(θ) + 1)2 + sin2(θ)
]
= 2r (cos(θ) + 1) (3.54)
Recalling that the first two lines of (3.51) and (3.52) are obtained by identification, we compute,
thanks to (3.51), the vierbein
(
fe(x)
)a
µ
:
(
fe
−1
(x)
)µ
c
=
1
| det fe ||x | det e ||x
[
Jϕ(x) | det e ||xe˜−1
(
ϕ−1(x)
)
+ e−1(x)
]µ
c
=
1
2r (cos(θ) + 1)
(
r (cos(θ) + 1) r sin(θ)
− sin(θ) (cos(θ) + 1)
)
(3.55)
=
(
1/2 sin(θ)
2(cos(θ)+1)
− sin(θ)
2r(cos(θ)+1)
1/2r
)
(
fe(x)
)c
µ
=
(
cos(θ) + 1 −r sin(θ)
sin(θ) r (cos(θ) + 1)
)
(3.56)
We see that we are no more in the symmetric gauge.
Using the fluctuated vierbein and its determinant, we compute by identification, thanks to
(3.52), the fluctuated spin connection
(
fω(x)
)
abµ
:
(
fω(x)
)
abµ
=
1
| det fe ||x
(
| det e ||x
(
e−1(x)
)ρ
c
(ω(x))abρ
) (
fe(x)
)c
µ
(3.57)
=
1
2r (cos(θ) + 1)
(
02(ab) ,
(
0 −1
1 0
)
(ab)
)
(c)
(
cos(θ) + 1 −r sin(θ)
sin(θ) r (cos(θ) + 1)
)
(cµ)
=
(
sin(θ)
2r(cos(θ)+1)
(
0 −1
1 0
)
(ab)
, 1
2
(
0 −1
1 0
)
(ab)
)
(µ)
=
(
0 −1
1 0
)
(ab)
(
sin(θ)
2r(cos(θ)+1)
, 1
2
)
(µ)
Since latin indices belong to tetrads, in which the metric tensor is ηµν , and since we consider
an euclidian space (ηµν = δµν), it follows :
(
fω(x)
)a
bµ
= δac
(
fω(x)
)
cbµ
=
(
0 −1
1 0
)
(ab)
(
sin(θ)
2r(cos(θ)+1)
, 1
2
)
(µ)
(3.58)
We have now to check hermiticity of the resulting Dirac operator. We have shown in the previous
section that this property in a 2-dimensional space leads to fT (x) = 0. This calculation follows :
dfe = ∂µ
fe
a
ν dx
µ ∧ dxν = (∂1fea2 − ∂2fea1) dx1 ∧ dx2 (3.59)
=
( − sin(θ) + sin(θ)
(cos(θ) + 1)− cos(θ)
)
dr ∧ dθ =
(
0
1
)
dr ∧ dθ
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fω ∧ fe = fωabµ febν dxµ ∧ dxν =
(
fω
a
b1
fe
b
2 − fωab2 feb1
)
dx1 ∧ dx2 (3.60)
=
[
sin(θ)
2r (cos(θ) + 1)
(
0 −1
1 0
)( −r sin(θ)
r (cos(θ) + 1)
)
− 1
2
(
0 −1
1 0
)(
cos(θ) + 1
sin(θ)
)]
dr ∧ dθ
=
(
0
−1
)
dr ∧ dθ
fT (x) = dfe + fω ∧ fe = 0 (3.61)
The fluctuated Dirac operator satisfies the hermiticity condition.
What about the curvature of the resulting space. Let us first compute the curvature 2-form
fR(x) :
dfω = ∂µ
fω
a
bν dx
µ ∧ dxν = (∂1fωab2 − ∂2fωab1) dx1 ∧ dx2 (3.62)
= − ∂2fωab1 dx1 ∧ dx2
=
−1
2r (cos(θ) + 1)
(
0 −1
1 0
)
dx1 ∧ dx2
fω ∧ fω = fωabµ fωbcν dxµ ∧ dxν =
(
fω
a
b1
fω
b
c2 − fωab2 fωbc1
)
dx1 ∧ dx2 (3.63)
= 0
fR(x) = dfω + fω ∧ fω (3.64)
=
−1
2r (cos(θ) + 1)
(
0 −1
1 0
)
dx1 ∧ dx2
In order to obtain the expression of the fluctuated scalar curvature fR
S
(x), we successively
compute the Riemann tensor fR(x)αβµν , obtained by expressing every indice of the curvature
2-form in the same frame using the fluctuated vierbein, and the Ricci tensor fR(x)µν , obtained
by contracting the first and third indices of the Riemann tensor.
fR(x) =
1
2
fR
a
bµν dx
µ ∧ dxν (3.65)
=
1
2
fR
α
βµν
(
fe(x)
)a
α
(
fe
−1
(x)
)β
b
dxµ ∧ dxν
The Riemann tensor fR
α
βµν is thus :
fR
α
β1 2 =
(
fe
−1
(x)
)α
a
fR
a
b1 2
(
fe(x)
)b
β
= − fRαβ 21 (3.66)
=
(
1/2 sin(θ)
2(cos(θ)+1)
− sin(θ)
2r(cos(θ)+1)
1/2 r
)
−1
r (cos(θ) + 1)
(
0 −1
1 0
)(
cos(θ) + 1 −r sin(θ)
sin(θ) r (cos(θ) + 1)
)
=
(
0 1
cos(θ)+1
−1
r2(cos(θ)+1)
0
)
32 CHAPITRE 3. EXAMPLES OF FLUCTUATION
Then follows the Ricci tensor :
fRµν :=
fR
α
µαν =
(
fR
α
1α1
fR
α
1α2
fR
α
2α1
fR
α
2α2
)
=
(
fR
2
1 2 1
fR
1
1 1 2
fR
2
2 2 1
fR
1
2 1 2
)
(3.67)
=
(
1
r2(cos(θ)+1)
0
0 1
cos(θ)+1
)
We finally obtain the curvature scalar :
fR
S
(x) = fRµν
fg
µν
(3.68)
Where we have used the usual convention : gµν := (g−1.. )
µν
. Using the definition of the vierbein
(and since we consider an euclidian space) :(
e−T g e−1
)
µν
= δµν (3.69)
=⇒ gµν =
((
eT e
)−1)µν
=
(
e−1 e−T
)µν
We give, here after, the metric tensor corresponding to the fluctuated metric fg(x), expressed
in the frame ∂µ :
(
fg(x)
)
µν
=
(
fe
T fe
)
µν
= 2 (cos(θ) + 1)
(
1 0
0 r2
)
(3.70)
= 2 (cos(θ) + 1) (g(x))µν
The curvature scalar is finally given by :
fR
S
(x) = fRµν
fg
µν
(3.71)
= Tr
[(
1
r2(cos(θ)+1)
0
0 1
cos(θ)+1
)(
1
2(cos(θ)+1)
0
0 1
2r2(cos(θ)+1)
)]
=
1
r2 (cos(θ) + 1)2
At the end of this first example, we have generated a space with non-vanishing curvature
starting from a flat space. However, the dimension of space (dimension 2), together with the
constraint (3.26) related to the hermiticity of the Dirac operator, does not allow to generate
torsion. The next example will allow to verify that this is however possible in the general case.
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3.3 2nd coordinate transformation : cartesian / spherical
In this example, we consider an euclidian space, initially flat and without torsion, of dimen-
sion 3. We consider the cartesian coordinates x˜µ = (x, y, z)T in the holonomic and orthonormal
frame :
{x, y, z} ∈ ]−∞,+∞[
∂˜µ :=
{
∂
∂x˜µ
}3
µ=1
=
{
∂
∂x
,
∂
∂y
,
∂
∂z
}
(3.72)
et g˜µν = δµν
In this frame, the Dirac operator is expressed as :
D˜/ |x˜ = i
(
e˜−1(x˜)
)µ
c
γc
(
∂
∂x˜µ
+
1
4
(ω˜(x˜))abµ γ
aγb
)
(3.73)
For the same reasons as in the previous example, the Dirac operator D˜/ reduces to :
D˜/ = ∂˜/ = i δ˜µa γ
a ∂
∂x˜µ
(3.74)
We consider now the spherical coordinates xµ = σ (x˜)µ = (r, θ, ϕ)T , in the holonomic frame :

r ∈ [0,+∞[
θ ∈ [0, π]
ϕ ∈ [0, 2π[
(3.75)
∂µ :=
{
∂
∂xµ
}3
µ=1
=
{
∂
∂r
,
∂
∂θ
,
∂
∂ϕ
}
endowed with the metric tensor (g(x))µν
These coordinates are deduced from x˜µ by using the diffeomorphism σ defined by :
x˜µ =
(
σ−1(x)
)µ ⇐⇒


x = r sin(θ) cos(ϕ)
y = r sin(θ) sin(ϕ)
z = r cos(θ)
(3.76)
dxµ =
∂ (σ(x˜))µ
∂x˜ν
dx˜ν = (Jσ(x˜))
µ
ν dx˜
ν
ou`
(
J−1σ (σ
−1(x))
)µ
ν
=

 sin(θ) cos(ϕ) r cos(θ) cos(ϕ) −r sin(θ) sin(ϕ)sin(θ) sin(ϕ) r cos(θ) sin(ϕ) r sin(θ) cos(ϕ)
cos(θ) −r sin(θ) 0


We define also :
(
J−1
σ−1
(σ−1(x))
)µ
ν
:=
(
Jσ(σ
−1(x))
)µ
ν
=


sin(θ) cos(ϕ) sin(θ) sin(ϕ) cos(θ)
cos(θ) cos(ϕ)
r
cos(θ) sin(ϕ)
r
− sin(θ)
r− sin(ϕ)
r sin(θ)
cos(ϕ)
r sin(θ)
0

 (3.77)
From this jacobian, we determine the metric tensor (g(x))µν :
(g(x))µν =

 1 0 00 r2 0
0 0 r2 sin2(θ)

 (3.78)
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Choosing the symmetric gauge to express the vierbein, we obtain :
(e(x))aµ =

 1 0 00 r 0
0 0 r sin(θ)

 with | det e ||x = r2 sin(θ) (3.79)
We compute the connection thanks to the formula (3.47), emphasizing once more that this
formula is restreint to spaces without torsion, requirement fulfilled here :
ω(x) := (ω(x))ab =

 0 −1 01 0 0
0 0 0

 dθ +

 0 0 − sin(θ)0 0 − cos(θ)
sin(θ) cos(θ) 0

 dϕ (3.80)
We state :
Jx =

 0 0 00 0 −1
0 1 0

 , Jy =

 0 0 10 0 0
−1 0 0

 , Jz =

 0 −1 01 0 0
0 0 0

 (3.81)
which are representations of dimension 3 of the three generators of the group SO(3).
The spin connection becomes :
ω(x) = Jz dθ + (cos(θ) Jx − sin(θ) Jy) dϕ (3.82)
We will now verify that, as we expect, the resulting vierbein and spin connection describe a
flat, torsionless space.
T = de+ ω ∧ e (3.83)
de = ∂µe
a
ν dx
µ ∧ dxν
=

 01
0

 dr ∧ dθ +

 00
r cos(θ)

 dθ ∧ dϕ+

 00
− sin(θ)

 dϕ ∧ dr
ω ∧ e = ωabµ ebν dxµ ∧ dxν
= −ωab 2 eb1 dx1 ∧ dx2 +
(
ωab 2 e
b
3 − ωab 3 eb2
)
dx2 ∧ dx3
+ ωab 3 e
b
1 dx
3 ∧ dx1
=

 0−1
0

 dr ∧ dθ +

 00
−r cos(θ)

 dθ ∧ dϕ+

 00
sin(θ)

 dϕ ∧ dr


=⇒ T = 0
R = dω + ω ∧ ω (3.84)
dω = ∂µω
a
bν dx
µ ∧ dxν = ∂2ωab 3 dx2 ∧ dx3
= (− sin(θ) Jx − cos(θ) Jy) dθ ∧ dϕ
ω ∧ ω = ωabµ ωbcν dxµ ∧ dxν
= [Jz (cos(θ) Jx − sin(θ) Jy) − (cos(θ) Jx − sin(θ) Jy) Jz] dθ ∧ dϕ
= (cos(θ) [Jz, Jx] + sin(θ) [Jy, Jz]) dθ ∧ dϕ
= (cos(θ) Jy + sin(θ) Jx) dθ ∧ dϕ


=⇒ R = 0
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Once checked, we can operate the fluctuation. As was the case in the previous example, we
will not operate the fluctuation in the frame deriving from the cartesian coordinate system
∂˜µ, but in the one deriving from the spherical coordinate system ∂µ. The diffeomorphism
that transforms the cartesian coordinates to the spherical ones is σ−1. Once more, in order to
simplify the calculations, we take the coefficients αi = 1 , with i = {1, 2}.
The calculations implied in this example being substantial, a part of them have been made
using the software Mathematica : the check for hermiticity of the fluctuated Dirac operator as
well as the computation of the resulting curvature and torsion of space after fluctuation.
Moreover we use, in this example, the general terms E(x) and ΩE(x), what will constitute a
validation of the general fluctuation method.
We begin the fluctuation by computing the term (E(x))aµ :
(
E−1(x)
)µ
c
= | det e ||x
2∑
i=1
αi
(
J−1ϕi (x)
)µ
ν
(
ϕie−1(ϕi(x))
)ν
c
(3.85)
= | det e ||x
[(
J−1Id (x)
)µ
ν
(
Ide−1(x)
)ν
c
+
(
J−1
σ−1
(σ−1(x))
)µ
ν
(
σ−1e−1(σ−1(x))
)ν
c
]
= | det e ||x
[
(δ)µν
(
e−1(x)
)ν
c
+
(
J(σ−1(x))
)µ
ν
(
e˜−1(σ−1(x))
)ν
c
]
= r2 sin(θ)


13

 1 0 00 1
r
0
0 0 1
r sin(θ)


+


sin(θ) cos(ϕ) sin(θ) sin(ϕ) cos(θ)
cos(θ) cos(ϕ)
r
cos(θ) sin(ϕ)
r
− sin(θ)
r− sin(ϕ)
r sin(θ)
cos(ϕ)
r sin(θ)
0

 13


=

 r2 sin(θ) (sin(θ) cos(ϕ) + 1) r2 sin2(θ) sin(ϕ) r2 cos(θ) sin(θ)r sin(θ) cos(θ) cos(ϕ) r sin(θ) (cos(θ) sin(ϕ) + 1) −r sin2(θ)
−r sin(ϕ) r cos(ϕ) r


Recalling that the cosecant is defined by : csc(θ) = 1/ sin(θ), we get after inversion of the
matrix :
(E(x))aµ =


csc(θ)
2r2
csc(θ)
2r(sec(θ+ϕ)+tan(θ+ϕ))
− cos(θ)+sin(ϕ)
2r(sin(θ+ϕ)+1)
− csc(θ) cos(θ+ϕ)
2r2(sin(θ+ϕ)+1)
csc(θ)
2r
sin(θ)+cos(ϕ)
2r(sin(θ+ϕ)+1)
csc(θ)(cos(θ)+sin(ϕ))
2r2(sin(θ+ϕ)+1)
− csc(θ)(sin(θ)+cos(ϕ))
2r(sin(θ+ϕ)+1)
1
2r

 (3.86)
and its determinant :
| detE ||x =
[
2r4 sin2(θ) (sin(θ + ϕ) + 1)
]−1
(3.87)
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We now compute the term (ΩE(x))abc :
(ΩE(x))abc = | det e ||x
2∑
i=1
αi (
ϕiω(ϕi(x)))abµ
(
ϕie−1(ϕi(x))
)µ
c
(3.88)
= | det e ||x
[(
Idω(x)
)
abµ
(
Ide−1(x)
)µ
c
+
(
σ−1ω(σ−1(x))
)
abµ
(
σ−1e−1(σ−1(x))
)µ
c
]
= | det e ||x
[
(ω(x))abµ
(
e−1(x)
)µ
c
+
(
ω˜(σ−1(x))
)
abµ
(
e˜−1(σ−1(x))
)µ
c
]
= r2 sin(θ)

( (03)(ab) , (Jz)(ab) , (cos(θ)Jx − sin(θ)Jy)(ab) )
(µ)

 1 0 00 1
r
0
0 0 1
r sin(θ)


(µ c)


=
(
(03)(ab) , r sin(θ) (Jz)(ab) , r (cos(θ)Jx − sin(θ)Jy)(ab)
)
(c)
Thanks to these terms, we express all elements composing the fluctuated Dirac operator.
We determine the expression of the fluctuated vierbein and its determinant :
(
fe(x)
)a
µ
= | det (E(x)) | −13−1 (E(x))aµ (3.89)
= r2 sin(θ)
√
2 (sin(θ + ϕ) + 1)


csc(θ)
2r2
csc(θ)
2r(sec(θ+ϕ)+tan(θ+ϕ))
− cos(θ)+sin(ϕ)
2r(sin(θ+ϕ)+1)
− csc(θ) cos(θ+ϕ)
2r2(sin(θ+ϕ)+1)
csc(θ)
2r
sin(θ)+cos(ϕ)
2r(sin(θ+ϕ)+1)
csc(θ)(cos(θ)+sin(ϕ))
2r2(sin(θ+ϕ)+1)
− csc(θ)(sin(θ)+cos(ϕ))
2r(sin(θ+ϕ)+1)
1
2r


and
det fe(x) = | det (E(x)) | −13−1 (3.90)
= r2 sin(θ)
√
2 (sin(θ + ϕ) + 1)
where the secant is defined by : sec(θ) = 1/ cos(θ).
Once more, we observe that we are no longer in the symmetric gauge. Now, the formula :
(
fg(x)
)
µν
=
(
fe
T fe
)
µν
(3.91)
allows us to obtain the metric tensor corresponding to the fluctuated metric fg(x), expressed
in the frame ∂µ :
(3.92)
(
fg(x)
)
µν
=


3−sin(θ−ϕ)
2
−r cos(θ−ϕ)
2
r sin(θ)[− cos(θ)+sin(ϕ)]
2
−r cos(θ−ϕ)
2
3−sin(θ−ϕ)
2
r2 −r
2 sin(θ) cos(θ+ϕ)[cos(θ)+sin(ϕ)]
2[sin(θ+ϕ)+1]
r sin(θ)[− cos(θ)+sin(ϕ)]
2
−r2 sin(θ) cos(θ+ϕ)[cos(θ)+sin(ϕ)]
2[sin(θ+ϕ)+1]
3−sin(θ−ϕ)
2
r2 sin2(θ)


We can now calculate the last element composing the fluctuated Dirac operator, the fluc-
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tuated spin connection :(
fω(x)
)
abµ
= (ΩE(x))abc (E(x))
c
µ
=
(
(03)(ab) , r sin(θ) (Jz)(ab) , r (cos(θ)Jx − sin(θ)Jy)(ab)
)
(c)
(3.93)

csc(θ)
2r2
csc(θ)
2r(sec(θ+ϕ)+tan(θ+ϕ))
− cos(θ)+sin(ϕ)
2r(sin(θ+ϕ)+1)
− csc(θ) cos(θ+ϕ)
2r2(sin(θ+ϕ)+1)
csc(θ)
2r
sin(θ)+cos(ϕ)
2r(sin(θ+ϕ)+1)
csc(θ)(cos(θ)+sin(ϕ))
2r2(sin(θ+ϕ)+1)
− csc(θ)(sin(θ)+cos(ϕ))
2r(sin(θ+ϕ)+1)
1
2r


(cµ)
Recalling that latin letters correspond to components expressed in the mobile frame, and that
space is euclidian :
(
fω(x)
)a
bµ
= δac
(
fω(x)
)
cbµ
.


(
fω(x)
)a
b 1
=


0 cos(θ+ϕ)
2r(sin(θ+ϕ)+1)
− cos(θ)+sin(ϕ)
2r(sin(θ+ϕ)+1)
− cos(θ+ϕ)
2r(sin(θ+ϕ)+1)
0 − cot(θ)(cos(θ)+sin(ϕ))
2r(sin(θ+ϕ)+1)
cos(θ)+sin(ϕ)
2r(sin(θ+ϕ)+1)
cot(θ)(cos(θ)+sin(ϕ))
2r(sin(θ+ϕ)+1)
0


(
fω(x)
)a
b 2
=


0 −1
2
sin(θ)+cos(ϕ)
2(sin(θ+ϕ)+1)
1
2
0 cot(θ)(sin(θ)+cos(ϕ))
2(sin(θ+ϕ)+1)
− sin(θ)+cos(ϕ)
2(sin(θ+ϕ)+1)
− cot(θ)(sin(θ)+cos(ϕ))
2(sin(θ+ϕ)+1)
0


(
fω(x)
)a
b 3
=


0 − sin(θ)(sin(θ)+cos(ϕ))
2(sin(θ+ϕ)+1)
− sin(θ)
2
sin(θ)(sin(θ)+cos(ϕ))
2(sin(θ+ϕ)+1)
0 − cos(θ)
2
sin(θ)
2
cos(θ)
2
0


(3.94)
At this step of the calculation, the use of Mathematica become necessary. We first verify
the hermiticity of the operator. We previously showed that this requirement corresponds to the
constraint :
fT aaµ = 0 (3.95)
We calculate the torsion 2-form fT (x) :
fT (x) = dfe(x) + fω(x) ∧ fe(x) = 1
2
fT aµν dx
µ ∧ dxν (3.96)
The expression of the torsion term is rather hard to read, we report it in the appendix. This
term has, at least, the usefulness to show that the torsion of the resulting space is non-vanishing.
The torsion 2-form give, in components, the tensor fT aµν . We thus have to express the first
covariant index in the fluctuated mobile frame, by using the fluctuated vierbein :
fT abµ =
fT aρµ
(
fe
−1)ρ
b
(3.97)
We finally obtain that the hermiticity condition is satisfied :
fT aaµ =
fT aρµ
(
fe
−1)ρ
a
= 0 (3.98)
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It still remains to show that this fluctuation has generated, in addition of a non-vanishing
torsion, a non-vanishing curvature. To this aim, we have to compute the fluctuated curvature
scalar. We begin with the calculation of the curvature 2-form fR(x) :
fR(x) = dfω(x) + fω(x) ∧ fω(x) (3.99)
Here again, the explicit expression of the curvature 2-form is not relevant in itself, we report
it in the appendix. The following steps necessary to the calculation of the curvature scalar,
identical to the previous example, are briefly summarized here after :
fR =
1
2
fR
a
bµν dx
µ ∧ dxν (2-forme de courbure) (3.100)
fR
α
βµν =
(
fe
−1)α
a
fR
a
bµν
fe
b
β (Riemann tensor)
fRµν =
fR
α
µαν =
(
fe
−1)α
a
fR
a
bαν
fe
b
µ (Ricci tensor)
fRS =
fRµν
fg
µν
(scalaire de courbure)
We finally obtain the curvature scalar characterizing the space described by the fluctuated
Dirac operator :
fRS =
− csc2(θ)
8r2
[
cos
(
θ+ϕ
2
)
+ sin
(
θ+ϕ
2
)]3
[
2 cos(
5θ − 3ϕ
2
) + cos(
3θ − ϕ
2
)− cos(7θ − ϕ
2
)
−21 cos(θ + ϕ
2
) + 4 cos(
3(θ + ϕ)
2
) + cos(
5θ + ϕ
2
)− 2 cos(7θ + 3ϕ
2
) (3.101)
+2 sin(
5θ − 3ϕ
2
)− sin(3θ − ϕ
2
) + sin(
7θ − ϕ
2
)
−21 sin(θ + ϕ
2
)− 4 sin(3(θ + ϕ)
2
) + sin(
5θ + ϕ
2
) + 2 sin(
7θ + 3ϕ
2
)
]
This second example allows to confirm that fluctuations of the Dirac operator generate, at the
same time, torsion and curvature from an initially flat and without torsion space. Moreover,
the computational complexity of this example should be seen as an evidence of the validity of
this fluctuation method.
Conclusion and outlook
At the end of this report, we have shown that the fluctuation method developed during
this ‘stage’, in the case of a commutative spectral triple (algebraic equivalent of a Riemannian
space) is consistent. Successfully applied on two non trivial examples (two diffeomorphisms of
euclidian spaces of dimension two and three), this method provides an additional agreement
to the conjecture from which we have been inspired.
The substantial contribution from these fluctuations is to generate, from an initially flat
space, a space related to a fluctuated Dirac operator which possess non vanishing curvature
and torsion. This allows one to obtain an exact equivalence principle.
However, all along this report, we have been restricted to operate the fluctuation method on
Dirac operators describing initially flat spaces. This has been done knowingly. Indeed, so far,
we are not able to explicitly compute the spin connections belonging to spaces with torsion.
The formulae (3.47), that we use in order to determine the connection, has come from the first
Cartan structure equation in which we have states T = 0 :
ω ∧ e = − de (9.1)
But the generation to spaces with torsion imposes to enlarge the dynamical configuration space
F to the corresponding Dirac operators, and thus requires being able to compute their spin
connections. The term ω solution of the equation :
ω ∧ e = T − de (9.2)
appears as an inevitable next step.
Beyond this ability, enlarging the dynamical configuration space to operators describing
spaces with torsion leads directly to the question about the role of torsion in Noncommutative
Geometry. So far, this question has been ignored although the Chamseddine-Connes spectral
action makes it appear explicitly.
39
40 CONCLUSION
Annexe A
Annexes
A.1 Notations
When not otherwise stated, the following notations are used in this report :
M differentiable manifold of dimension n standing for space-time.
U open set of M isomorphic to an open set of Rn
βµ(x) frame defined ∀x ∈ U
βµ(x) dual frame
ea(x) orthonormal frame associated to the metric (vierbein)
g(x) metric defined on M
(g(x))µν metric tensor (corresponding to a frame)
η Minkowski metric describing a flat, torsionless space
ηµν metric tensor associated to the Minkowski metric in an inertial frame
Diff(M) Group of diffeomorphisms on M
GL4 (R) General Linear group with real constants as entries
UGL4 (R) General Linear group with real functions on U as entries
SO (3, 1) Special Orthogonal group
USO (3, 1) Special Orthogonal group with real functions on U as entries
Spin (3, 1) Universal covering group of SO (3, 1)
ϕ Element of Diff(M)
Λ GL4 (R)
Λ(x) UGL4 (R)
Λϕ(x)
UGL4 (R), which is the jacobian of ϕ
Λ
L
SO (3, 1)
Λ
L
(x) USO (3, 1)
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A.2 Some useful definitions and theorems
Definition : A frame βµ(x) defined on an open set U ⊂ Rn is an set of n differentiable
vectorial fields :
βµ(x) := {βµ(x)}nµ=1 = {β1(x), .., βn(x)} (A.1)
such that for every point x ∈ U , {βµ |x}nµ=1 is a basis.
In other words, a frame is a differentiable field of bases.
Definition : The dual frame βµ(x) of a frame βν(x) is defined by the relation :
βµ(x) βν(x) = δ
µ
ν ∀x ∈ U (A.2)
Definition : A frame βµ(x) is said orthonormal for a metric g, if the metric tensor (g(x))µν
in this frame is such that :
(g(x))µν = g (βµ, βν)|x = ηµν ∀x ∈ U (A.3)
Definition : A frame βµ(x) is said holonomic (or deriving from a coordinate system) if it
is such that :
dβµ = 0 ∀µ = 1, .., n (A.4)
Theorem ([SCH01]) : A subset U of Rn admits a holonomic and orthonormal frame if
and only if this subset is flat.
Theorem (Gram-Schmidt) : Every metric g admits an orthonormal basis, i.e. a basis
{e1, ..., en} such that :
g (ea, eb) = ηab (A.5)
with ηab being the minkowskian metric tensor of the metric g in the basis {ea}na=1.
The Gram-Schmidt orthonormalization algorithm allows one, starting from an arbitrary
basis on a point x ∈ U , to get an orthonormal basis. This algorithm requires only addition,
multiplication and division operations, which preserve differentiability. Hence, it ensures that,
starting from an arbitrary frame βµ, one can construct an orthonormal frame ea.
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A.3 Details of some calculations
A.3.1 Invariant volume form
We will explicitly show the invariance of the volume form under diffeomorphisms. We will
then show that this property, together with the theorem of change of variables, allows one to
express the Dirac action integral under a change of coordinates. For simplicity, this calculation
takes place in a 4-dimensional space, but the generalization to an arbitrary finite dimension is
straightforward.
We consider a diffeomorphism ϕ linking two coordinates system x˜µ and xµ, with their respective
frames {∂˜µ}3µ=0 and {∂µ}3µ=0, such that :
xµ = ϕµ(x˜) (A.6)
We have the following relations :
dxµ =
∂ϕµ(x˜)
∂x˜ν
dx˜ν =: (J(x˜))µν dx˜
ν (A.7)
dx˜µ =
(
J−1(x˜)
)µ
ν
dxν =
(
J−1
(
ϕ−1(x)
))µ
ν
dxν
(J(x˜))µν =
(
J
(
ϕ−1(x)
))µ
ν
where J is the jacobian of the diffeomorphism ϕ and J−1 its inverse. Each frame is deduced
from the other by applying the jacobian or its inverse such that :
∂µ =
(
J−1(x˜)
)ν
µ
∂˜ν (A.8)
∂˜µ = (J(x˜))
ν
µ ∂ν
In the frame ∂˜µ, the invariant volume form dV˜4 is expressed as :
dV˜4 =
√
| det g˜..||x˜ d4x˜ =
√
| det g˜..||x˜ dx˜0 ∧ dx˜1 ∧ dx˜2 ∧ dx˜3 (A.9)
where g˜.. is the metric tensor associated to the frame ∂˜µ.
One can connect the metric tensors g˜µν and gµν , respectively belonging to ∂˜µ and ∂µ, by ex-
pressing the metric in each frame :
g = g˜(x˜)µν dx˜
µ ⊗ dx˜ν (A.10)
= g(x)ρσ dx
ρ ⊗ dxσ
= g(x)ρσ (J(x˜))
ρ
µ (J(x˜))
σ
ν dx˜
µ ⊗ dx˜ν
=⇒ g˜(x˜)µν = (JT (x˜))µρ g (ϕ(x˜))ρσ (J(x˜))σν
Equation (A.9) becomes :
√
| det g˜..||x˜ d4x˜ =
√∣∣∣det [(JT|x˜ g|ϕ(x˜)J|x˜)
..
]∣∣∣ dx˜0 ∧ dx˜1 ∧ dx˜2 ∧ dx˜3 (A.11)
= | detJ ||x˜
√
| det g..||ϕ(x˜) dx˜0 ∧ dx˜1 ∧ dx˜2 ∧ dx˜3
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Moreover, the relations (A.7) lead to the equality :
dx˜0 ∧ dx˜1 ∧ dx˜2 ∧ dx˜3 = (J−1|x˜ )0µ (J
−1
|x˜ )
1
ν
(J−1|x˜ )
2
ρ
(J−1|x˜ )
3
σ
dxµ ∧ dxν ∧ dxρ ∧ dxσ (A.12)
= (J−1|x˜ )
0
µ
(J−1|x˜ )
1
ν
(J−1|x˜ )
2
ρ
(J−1|x˜ )
3
σ
ǫµνρσ dx0 ∧ dx1 ∧ dx2 ∧ dx3
= det
(
J−1|x˜
)
dx0 ∧ dx1 ∧ dx2 ∧ dx3
= (det J)−1|x˜ d
4x
where ǫµνρσ, the skew-symmetric Le´vy-Civita tensor, is obtained from the permutation of the
indices of the volume form. We then use the general expression of the determinant in order to
identify the volume form [CHO01].
One finally obtains :√
| det g˜..||x˜ d4x˜ = | detJ ||x˜
√
| det g..||ϕ(x˜) (det J)−1|x˜ d4x (A.13)
= | detJ ||ϕ−1(x)
√
| det g..||ϕ(ϕ−1(x)) (det J)−1|ϕ−1(x) d4x
=
√
| det g..||ϕ(ϕ−1(x)) d4x
=
√
| det g..||x d4x
where the equality of the third line is obtained by considering only the diffeomorphisms ϕ for
which the determinant of the jacobian is positive.
Hence, we have shown that :
dV˜4 =
√
| det g˜..||x˜ d4x˜ =
√
| det g..||x d4x = dV4 (A.14)
for a diffeomorphism ϕ such that x = ϕ(x˜) preserving orientation (i.e. det J > 0).
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A.3.2 Mathematica code of example 2
**** Introduction of the inverse jacobian Ji :
Ji = {{Sin[\[Theta]]Cos[\[Phi]], r Cos[\[Theta]]Cos[\[Phi]], -r Sin[\[Theta]]Sin[\[Phi]]},
{Sin[\[Theta]]Sin[\[Phi]], r Cos[\[Theta]]Sin[\[Phi]], r Sin[\[Theta]]Cos[\[Phi]]},
{Cos[\[Theta]],-r Sin[\[Theta]], 0}}; MatrixForm[Ji]
J = FullSimplify[Inverse[Ji]]; MatrixForm[J]
**** Introduction of vierbein e :
e = {{1, 0, 0}, {0, r, 0}, {0, 0, r Sin[\[Theta]]}}; MatrixForm[e]
ei = FullSimplify[Inverse[e]]; MatrixForm[ei]
**** Computation of determinants :
detJi = FullSimplify[Det[Ji]]
dete = FullSimplify[Det[e]]
**** Introduction of the spin connection \[omega] :
J0 = {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}; MatrixForm[J0]
Jx = {{0, 0, 0}, {0, 0, -1}, {0, 1, 0}}; MatrixForm[Jx];
Jy = {{0, 0, 1}, {0, 0, 0}, {-1, 0, 0}}; MatrixForm[Jy];
Jz = {{0, -1, 0}, {1, 0, 0}, {0, 0, 0}}; MatrixForm[Jz]
Jxy = Cos[\[Theta]]Jx - Sin[\[Theta]] Jy; MatrixForm[Jxy]
\[Omega]tilde = {J0, Jz, Jxy}; MatrixForm[\[Omega]tilde];
\[Omega] = Transpose[\[Omega]tilde, {3, 1, 2}]; MatrixForm[\[Omega]];
MatrixForm[\[Omega][[All, All, 1]]]
MatrixForm[\[Omega][[All, All, 2]]]
MatrixForm[\[Omega][[All, All, 3]]]
**** Computation of term Ei and its determinant:
Ei = FullSimplify[detJi J + dete ei]; MatrixForm[Ei]
detEi = FullSimplify[Det[Ei]];
detef = detEi^(1/2)
**** Computation of the fuctuated vierbein:
efi = Ei/detef; MatrixForm[efi]
ef = FullSimplify[Inverse[efi]]; MatrixForm[ef]
**** Computation of the fluctuated spin connection:
\[Omega]f = dete \[Omega].ei.ef/detef; MatrixForm[\[Omega]f];
MatrixForm[\[Omega]f[[All, All, 1]]]
MatrixForm[\[Omega]f[[All, All, 2]]]
MatrixForm[\[Omega]f[[All, All, 3]]]
**** Computation of the fluctuated torsion 2-form:
def12 = FullSimplify[D[ef[[All, 2]], r] - D[ef[[All, 1]], \[Theta]]]; MatrixForm[def12]
def23 = FullSimplify[D[ef[[All, 3]], \[Theta]] - D[ef[[All, 2]], \[Phi]]]; MatrixForm[def23]
def31 = FullSimplify[D[ef[[All, 1]], \[Phi]] - D[ef[[All, 3]], r]]; MatrixForm[def31]
def00 = {0, 0, 0}; MatrixForm[def00];
deftilde = {{def00, -def12, def31}, {def12, def00, -def23}, {-def31, def23, def00}};
def = Transpose[deftilde, {3, 2, 1}]; MatrixForm[def];
MatrixForm[def12] === MatrixForm[def[[All, 1, 2]]];
MatrixForm[def12] === MatrixForm[-def[[All, 2, 1]]];
MatrixForm[def23] === MatrixForm[def[[All, 2, 3]]];
MatrixForm[def23] === MatrixForm[-def[[All, 3, 2]]];
MatrixForm[def31] === MatrixForm[def[[All, 3, 1]]];
MatrixForm[def31] === MatrixForm[-def[[All, 1, 3]]];
\[Omega]fef12 = \[Omega]f[[All, All, 1]].ef[[All, 2]] - \[Omega]f[[All, All, 2]].ef[[All, 1]]; MatrixForm[\[Omega]fef12]
\[Omega]fef23 = \[Omega]f[[All, All, 2]].ef[[All, 3]] - \[Omega]f[[All, All, 3]].ef[[All, 2]]; MatrixForm[\[Omega]fef23]
\[Omega]fef31 = \[Omega]f[[All, All, 3]].ef[[All, 1]] - \[Omega]f[[All, All, 1]].ef[[All, 3]]; MatrixForm[\[Omega]fef31]
\[Omega]feftilde = {{def00, -\[Omega]fef12, \[Omega]fef31}, {\[Omega]fef12, def00, -\[Omega]fef23},
{-\[Omega]fef31, \[Omega]fef23, def00}};
\[Omega]fef = Transpose[\[Omega]feftilde, {3, 2, 1}]; MatrixForm[\[Omega]fef];
MatrixForm[\[Omega]fef12] === MatrixForm[\[Omega]fef[[All, 1, 2]]];
MatrixForm[\[Omega]fef12] === MatrixForm[-\[Omega]fef[[All, 2, 1]]];
MatrixForm[\[Omega]fef23] === MatrixForm[\[Omega]fef[[All, 2, 3]]];
MatrixForm[\[Omega]fef23] === MatrixForm[-\[Omega]fef[[All, 3, 2]]];
MatrixForm[\[Omega]fef31] === MatrixForm[\[Omega]fef[[All, 3, 1]]];
MatrixForm[\[Omega]fef31] === MatrixForm[-\[Omega]fef[[All, 1, 3]]];
Tfa\[Mu]\[Nu] = 2(def + \[Omega]fef); MatrixForm[Tfa\[Mu]\[Nu]];
Tfa\[Nu]\[Mu] = Transpose[Tfa\[Mu]\[Nu], {1, 3, 2}]; MatrixForm[Tfa\[Nu]\[Mu]];
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Tfa\[Mu]\[Nu][[All, 1, 2]] == -Tfa\[Nu]\[Mu][[All, 1, 2]];
Tfa\[Mu]\[Nu][[All, 2, 3]] == -Tfa\[Nu]\[Mu][[All, 2, 3]];
Tfa\[Mu]\[Nu][[All, 3, 1]] == -Tfa\[Nu]\[Mu][[All, 3, 1]];
Tfa\[Nu]b = Tfa\[Nu]\[Mu].efi; MatrixForm[Tfa\[Nu]b];
Tfab\[Nu] = Transpose[Tfa\[Nu]b, {1, 3, 2}]; MatrixForm[Tfab\[Nu][[All, All, 1]]];
**** Verification of the hermiticity of the fluctuated Dirac operator:
Tfaa1 = Tr[Tfab\[Nu][[All, All, 1]]];
FullSimplify[Tfaa1];
% === 0
True
Tfaa2 = Tr[Tfab\[Nu][[All, All, 2]]];
FullSimplify[Tfaa2];
% === 0
True
Tfaa3 = Tr[Tfab\[Nu][[All, All, 3]]];
FullSimplify[Tfaa3];
% === 0
True
**** Determination of the curvature 2-form:
d\[Omega]f12 = FullSimplify[D[\[Omega]f[[All, All, 2]], r] - D[\[Omega]f[[All, All, 1]], \[Theta]]];
MatrixForm[d\[Omega]f12]
d\[Omega]f23 = FullSimplify[D[\[Omega]f[[All, All, 3]], \[Theta]] - D[\[Omega]f[[All, All, 2]], \[Phi]]];
MatrixForm[d\[Omega]f23]
d\[Omega]f31 = FullSimplify[D[\[Omega]f[[All, All, 1]], \[Phi]] - D[\[Omega]f[[All, All, 3]], r]];
MatrixForm[d\[Omega]f31]
d\[Omega]f00 = J0;
d\[Omega]ftilde = {{d\[Omega]f00, -d\[Omega]f12, d\[Omega]f31}, {d\[Omega]f12, d\[Omega]f00, -d\[Omega]f23},
{-d\[Omega]f31, d\[Omega]f23, d\[Omega]f00}};
d\[Omega]f = Transpose[d\[Omega]ftilde, {4, 3, 1, 2}]; MatrixForm[d\[Omega]f];
MatrixForm[d\[Omega]f12] === MatrixForm[d\[Omega]f[[All, All, 1, 2]]];
MatrixForm[d\[Omega]f12] === MatrixForm[-d\[Omega]f[[All, All, 2, 1]]];
MatrixForm[d\[Omega]f23] === MatrixForm[d\[Omega]f[[All, All, 2, 3]]];
MatrixForm[d\[Omega]f23] === MatrixForm[-d\[Omega]f[[All, All, 3, 2]]];
MatrixForm[d\[Omega]f31] === MatrixForm[d\[Omega]f[[All, All, 3, 1]]];
MatrixForm[d\[Omega]f31] === MatrixForm[-d\[Omega]f[[All, All, 1, 3]]];
\[Omega]f\[Omega]f12 = FullSimplify[\[Omega]f[[All, All, 1]].\[Omega]f[[All, All, 2]]
- \[Omega]f[[All, All, 2]].\[Omega]f[[All, All,1]]];
MatrixForm[\[Omega]f\[Omega]f12]
\[Omega]f\[Omega]f23 = FullSimplify[\[Omega]f[[All, All, 2]].\[Omega]f[[All, All, 3]]
- \[Omega]f[[All, All, 3]].\[Omega]f[[All, All, 2]]];
MatrixForm[\[Omega]f\[Omega]f23]
\[Omega]f\[Omega]f31 = FullSimplify[\[Omega]f[[All, All, 3]].\[Omega]f[[All, All, 1]]
- \[Omega]f[[All, All, 1]].\[Omega]f[[All, All, 3]]];
MatrixForm[\[Omega]f\[Omega]f31]
\[Omega]f\[Omega]ftilde = {{d\[Omega]f00, -\[Omega]f\[Omega]f12, \[Omega]f\ \[Omega]f31},
{\[Omega]f\[Omega]f12, d\[Omega]f00, -\[Omega]f\[Omega]f23},
{-\[Omega]f\[Omega]f31, \[Omega]f\[Omega]f23, d\[Omega]f00}};
\[Omega]f\[Omega]f = Transpose[\[Omega]f\[Omega]ftilde, {4, 3, 1, 2}]; MatrixForm[\[Omega]f\[Omega]f];
MatrixForm[\[Omega]f\[Omega]f12] === MatrixForm[\[Omega]f\[Omega]f[[All, All, 1, 2]]];
MatrixForm[\[Omega]f\[Omega]f12] === MatrixForm[-\[Omega]f\[Omega]f[[All, All, 2, 1]]];
MatrixForm[\[Omega]f\[Omega]f23] === MatrixForm[\[Omega]f\[Omega]f[[All, All, 2, 3]]];
MatrixForm[\[Omega]f\[Omega]f23] === MatrixForm[-\[Omega]f\[Omega]f[[All, All, 3, 2]]];
MatrixForm[\[Omega]f\[Omega]f31] === MatrixForm[\[Omega]f\[Omega]f[[All, All, 3, 1]]];
MatrixForm[\[Omega]f\[Omega]f31] === MatrixForm[-\[Omega]f\[Omega]f[[All, All, 1, 3]]];
Rfab\[Mu]\[Nu] = 2(d\[Omega]f + \[Omega]f\[Omega]f); MatrixForm[Rfab\[Mu]\[Nu]];
**** Determination of the curvature scalar:
Rfa\[Nu]\[Mu]b = Transpose[Rfab\[Mu]\[Nu], {1, 4, 3, 2}];
Rf\[Alpha]\[Nu]\[Mu]\[Beta] = FullSimplify[efi.Rfa\[Nu]\[Mu]b.ef];
RiemannF = Rf\[Alpha]\[Beta]\[Mu]\[Nu] = Transpose[Rf\[Alpha]\[Nu]\[Mu]\[Beta], {1, 4, 3, 2}];
Rf\[Alpha]\[Mu]\[Beta]\[Nu] = Transpose[Rf\[Alpha]\[Beta]\[Mu]\[Nu], {1, 3, 2, 4}];
RicciF = Rf\[Mu]\[Nu] = FullSimplify[Tr[Rf\[Alpha]\[Mu]\[Beta]\[Nu], Plus, 2]]; MatrixForm[Rf\[Mu]\[Nu]]
gfi = efi.Transpose[efi]; MatrixForm[gfi];
Rfup\[Mu]\[Nu] = gfi.Rf\[Mu]\[Nu];
ScalaireF = FullSimplify[Tr[Rfup\[Mu]\[Nu]]]
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A.3.3 Curvature and torsion obtained in example 2
We give here after the expression of the fluctuated curvature and torsion 2-forms related to
example 2 :
• Fluctuated torsion 2-form : T = 1
2
fT aµν dx
µ ∧ dxν
fT a1 2 =


cos(θ+ϕ)√
2
√
(sin(θ+ϕ)+1)
− cos2(θ+ϕ)√
2(sin(θ+ϕ)+1)3/2
cos(2θ)+2 sin(θ) cos(ϕ)+4 cos(θ) sin(ϕ)−1
2 sin(θ)
√
2
√
(sin(θ+ϕ)+1)

 (A.15)
fT a2 3 =


−r(3 cos( 3θ−ϕ2 )−cos( θ+ϕ2 )−3 sin( 3θ−ϕ2 )−sin( θ+ϕ2 ))(cos( θ+ϕ2 )+sin( θ+ϕ2 ))
3
2
√
2(sin(θ+ϕ)+1)3/2
r(cos(θ)(sin(θ)+cos(ϕ))+2 sin(θ) sin(ϕ))√
2
√
(sin(θ+ϕ)+1)
−r cos(θ) cos2(θ+ϕ)√
2(sin(θ+ϕ)+1)3/2

 (A.16)
fT a3 1 =


cos(θ−ϕ)+sin(2θ)√
2
√
(sin(θ+ϕ)+1)
(cos(θ)+sin(ϕ))2√
2(sin(θ+ϕ)+1)3/2
sin(θ)−cos(ϕ)√
2
√
(sin(θ+ϕ)+1)

 (A.17)
• Fluctuated curvature 2-form : R = 1
2
fRab µν dx
µ ∧ dxν
fRab 1 2 =

 0 A −B−A 0 −C
B C 0

 ou`


A = 1
r(sin(θ+ϕ)+1)
B = csc(θ)
r(csc(θ+ϕ)+1)
C = csc(θ) cot(θ)
r
(A.18)
(A.19)
fRab 2 3 =

 0 −D ED 0 −F
−E F 0

 ou`


D = 2 cos(θ−ϕ)+sin(2θ)
2(sin(θ+ϕ)+1)
E = cos(θ)
2
(
1− 2
csc(θ+ϕ)+1
+ (sin(θ)+cos(ϕ))
2
(sin(θ+ϕ)+1)2
)
F = −2 cos(θ) cot(θ)+sin(2θ) sin(ϕ)
2(sin(θ+ϕ)+1)
fRab 3 1 =

 0 −G HG 0 −I
−H I 0

 ou`


G = 1
r(sin(θ+ϕ)+1)
H = cos
2(θ) cos(ϕ)−sin(θ)
r(sin(θ+ϕ)+1)
I = cos(θ)(sin(θ) cos(ϕ)+1)
r(sin(θ+ϕ)+1)
(A.20)
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